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1 . Dual boundary complexes and the geometric p=W conj

2 .

Legendciaos knots and constructible sheaves

3- Betti moduli space via augmentations
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C = Riemann Surface Kith punctures)

a = aLnlf) (or more generally , linear reductive)

Nonabeloom these cowespondeyne (NAhD ⇒

in Mpd → MB vea-ñ isomorphism

CNotabe.to#ic)MDq:--DolbeawHmoduli space of G-Higgs bakes over C. - - -

( stable
, vanishing Chern chess

,
- .
- )

MB: = Betti moduli space of G- local systems over C- . .
Ciwedncible

,

- - - )
- i-5-o-I.i-ivi.SE#-n-...s.)------- - - - -

but does not
<

preserve the mixed Hodge structures
Cartes?



cohomology p=W conjecture ( de Cataldo- Mansel-migliohni 12) .
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NAH excuses

the weight filtration on 4- CMB) (algebraic geometry)
and CWS

the perverse-Levay filtration on with,) wut
Cp>

the Hitchin map . he m☐µ → 1A - ctopolosy)

whÉ?

• decttm 12; time for rank 2 , any sevens

• deems 19 = true for any rank
,

seeing 2
.
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- Geometric interpretation ?

→
Geometric p=W Conjecture = concerns NAH at infinity .
-
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-

-
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-

Dualboundavycoinplex

✗ ⇐Mrs) smooth affine M log compactification with

DX = s-n.cn
. boundary divisor .

Blowing up ⇒ may assume the intersections of incoercible

components of ZX are connected
.

Say
,
2✗= Ñ Di , Di = iwao . coup .

5=1

↳ the dead body complex bD2✗ .

_

= on simplicial complex s.ca

vertices 1- s irreducible components Dr
k

Add a 6-cell Eio . - - in] ⇐ Dig -1-10 .



E= ✗= €+5 .

→

↳*F = ✗ ↳ top ¥¥⇒
⇒ •ax = '

'

2

coscompauiticatio-2.gg
✗ ↳ ¥5

☐n
→ ID 2X = 2X

propertiesofdualboundouycompcexef.ly(Danilov 25) : The homotopy type of Dax is an

invariant of X . Cees : see above]

→ cpaYne ? )
,
the homolog of IDZX Captives information

about the weight filtration on MX) :

tTµUD2X) = anwhid
-

icxy
,2d

where D= diuzx .

3) (Simpson 16) : Z=ÉxYÉ X-U :=x1z ⇒ Dax# Dav
open dense

homotopy equivalent .
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As the Lst step of the geometric p=W conj , have :

IÉÉjÉKaEZa✓kov_Now-Pandit-Simpson is ,
7- homotopy efuiualence iD2M☐ _~ Sd -1,
D= diuztlos .

IEE?
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• KOMYO 13 = true for G- SLED ,

C- Gpl with 5

punctures .

• Simpson 16 = true for 6--54, C- Qpl with

U punctures Cleve>

( singulars
• Mauri

,
Mazzoni

,
Stevenson 18 = true for G=aLn ,Shu)so =\

wvesu6wose_ =

main eris talk ( S4) ,
the homotopy type conj holds for MB

= Mlp)
,

( 6--64
,
G- apt with one puncture ,

the Mescher singularity is specified by
p=V- n- strand positive braid se. § iswuueted)



MB-mdpt-7-r.ES :

E. → maps>
a-⇒a-

→ ii. iii. ^

Eat:/⇐{ cseelsttaik:
"ob=# →MB .

ñ=⇒⇒× -ma:*"
Add a full twist

cylindrical closure 02 Ipl

-
- - - - -

- - - - - - - - - - - - -

TheeÉwojÉKNPs 153 ,
I homotopy commutative

aerogram

← Nj
,
_É^"N§ = punctured nbhd of 2mg in Mrs

.

"Hitchinmap Ts L che La
"

asymptotic behavior

at as
" of Mog at as

"
.

(A)Bp%µ=S←
'
→ Brits

uepy-bypecoy-JMBEEEE-E-NENA.tt
,

a- YY "

sMax
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dime;D even .

Lts - ñkBr↳)↳ Moo, t NAE
ti h/ Hitchin map
Bros- a-¥- imdb.ws?tABrG)yq--sd-i
Crni >
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radial scaling
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⇒= E-9- ZMB = ⇒ ☐ZMB = "
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99
D
, U,= punctured tubular nbhd of D, in My

3
associated to Elli}Analysis ⇒ 7- a partition of unity Epi} ,=,

i - e . Supp C Ui
,
8- fist . & Epi -=I on Not

→
2 = NBT → rD2Mg

Fact , 2 is well-defined up -6
x - Epilxvi homotopy

.

-
-
-
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-
- - - - - - - - -

Exit: geometric p=w recovers more information about
the

Okanological p=W conjecture .
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lesendeiankuotsamdconsteuc-u-bhesheavfp-n-s-wae.clpositive braid

eI= n=z
, f- of = 775 .

→ The rainbow closure p
>
a

as:*
Ten e-S . = B

>
=

u

uRÉzz
→ This defines as Cesardei-wimp↳ ⇐ Rox ,2) =URx?%z<2= dz-ydx)

view p
>
↳ J

'
Rox
% S☒cRxFz) as a micro support condition

T
unit cotangent bake
-

=

→ (sharde-Treumann -Zaslow)
£

"

Deth? MB=M , (B) = = the Sez moduli stack of

objects of Efp?↳ : = dg category of constructible sheaves 3- on Riaz se
.

=

r
cist talk>

localized
"

at quasi- Bom's)
.

• the microsupport at infinity sscf> ns*RÉz C p
>

,

• 5- has compact support .

• 5- is ofmY = lemonG)= k_ f- loccpi
9
miaoWah monodromy .

= microlocal stack
"

54ps
"

up to a deg shift .

pets , MB=Milf> is the good moduli space associated to
-

the STZ moduli stacks MB = m
,
(pi )

.



GLEE (Alper 133 =

← A good moduli space of a reasonable (
e-g- locally of finite presentation) algebraic stack

,

when exists
,
is unique .

• X affine ② G linear reductive algebraic

⇒ The good moduli space of the quotient stack 1%3 is spec0k$ .

④

ÑmIiñaeoñÉI
- - - - - -

- - - - - -

B
>=⇒É=add dashed 're

- -- .in#D------It
of CRx?z

,

ulrich is

ft regular
.

9--1

'"*÷

f- cells = cusps
,

crossings

1-cells = arcs = conn .

comp 's of 43>51-[o-cells} .

2-cells = regions = Conn . Comp's

of R×É- {0-cells, 1-cells}]
quiver with relationsQ= Is

Relate from the 1st talks

A-BE µ= , ,
FEE, cash>⇒

÷ .EE#:i*FDi-------.
•

transverse
.



as InSenevaC_ :
• Refine a drmñd→ ,

uniquely characterized by ,

• d→ CL-13--0 .

N

• for each a%Y of pots _§ ⇒ dCN)=d(s)-11

⇐ ⇒XP)
one are

µ=L

• for each are# C- p
>

N

→ ✗ ⇒ den> =D Cs) - l
s

bets .

-

•

Replay at ) : = IT Man ( Kd? É
"

} =/Ann .

e- R→s

•

Repp>
(Q

,
I > == { FGREPCQ ,

I> s-t. ①
,
②
<
③ ,④}

.

N
① :

- FE
dash are⇒ Ece> = Fcs) → FCN)

.

S

N N N

① u= siusuiañeyr, oh☒;¥ on ¥2
S S

⇒ an> = sassy

③ u = crossing

°

⇒ ae(
"§
""%

[(g)
It is acyclic

.



solid N

④ it are # ⇒ rank He> is maximal .

S Lice. He> is injective
or surjective)- - - - - - -

-

-

-
- - - - - -

• GLCOT> < = it all ICR>) .

RGQO

Iasi
- - - - - - - -

- -
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fact
= allot > I Repp> (Q, I > .

NEfact : maps>⇐ Etops'Q%↳?
EnE✗-_ : p= 77-7

People-I> -s-e.eeisneei-i.si

it i c- 29s

away ,, ayy, ay,,
une ee,, ,⇒nµ⇒

,

, =,,, ,y}
Elo] := Kerth ,

⇒ MR -=[{ [eisc-dpcksfi-eeit-eei-iiff.ua,]it it 45

Is - In general, Repp>(Q,I> is not necessarily affine .

e-g.) {e-- kalif = IAI - {o] .
(want to apply ⑦)
☒ -

- 7- an alternative perspective via contact geometry



3- Beetimodulispaceu-aauscnataeio.us#
view § Cs IR, = Rqy,z as a Legeudnian live

in contact geometry .

SET for (V=rRx?%z, ✗=P> any
r r
contact mfed uesenduionswbmfd .

A- (Ps) : = the chekanou-Eliashberg DGA ,
, generators= Reeb chords of a= §

Cflow Lines of R2=oz ~¥€& )
6

. differential = counts holomorphic disks

bi

dim

why fans sa = Eebibz - - - bn
t
weightsbnÉsronsim cylinder

8-9- f- HI → .

each right cusp

d*#>¥÷÷¥F*
e-
9-

front projection avian projection'É×

⇒ Alps>=zcÉ! aya>
a
> 493 , I -54-1--0,19-1=0,19-1--1 .

{ 29=-51-1
ait 95+99293 2-4+-1--0

,
Sai =o .

24=-51-1 aztcitazaz) t, Gita,air



Augmentations ,

D_efn= the augmentation variety associated to A- B
>
is

=

Aug(p?-8;D :={E=ACp'S → Cbs ←graded DAA maps]^"

framed augmentation variety y ✗

Augcpsik) := { E c- AusCGI;D / Ec-4-7-1, ⇐isn} -4 )r

augmentation variety .
Affine

E-g-
- = 8--57=5 ⇒

AusCFI;kSE{§cti , dais> c- k*xK / a-45
'
+ dad-1dg>+corona,>⇒

Aug(PFL) I { it ✗ c- z + ✗Yz=o] .
4%2-7=2191,Azaz> .

theorem ( S 21) = If B
>
is connected

,
than =

(1) . 7- natural Tsan of algebraic stacks =

[ A-uscpisxiiky.mn] ⇐ [Refs>cQd%ug,] ⇐ micp's
I

(2) M
, Cpi) -5 Spec (Auslp?#ski)£

?
_= Aus Cp?↳

cÉ④) ( say k=¢)
is s-EE.ae#vau-eey .

C) The homotopy type conjecture for Mrs= Milf
>> holds =

IDZMB = Sd-1
,
where D= drugMB .



Ideaofproof- , Ng- Rutherford-sheude-siuee-z-as.tw

d

(1) = inspired by
' '
Augmentations one sheaves

"

(NRSSZ 20)

(2) = B
>
is connected ⇒ 1Gm%m acts freely on Aug#☒ik)

.

(3) '- 7- a natural cell decomposition (well known)

Slp-net rip
Auscps;D = WASHED, Auf Cp:b> ELKE) ✗ k

psNNp3
S-e-

• 7- 1 pm S - e. rcpm> =o .

• (k*§%↳+↳Augcp%↳ is open and dense .

[by properties of dual boundary complexes : z=y Is ✗ ⇒ 1122×-1521×12-3 )
.f

fact Spm)-n-11
⇒ IDS ) "

a
= t.DZ Auscp?

11 U

got-1 BOMB
☐

- -
- - -

-
- - - -

- - - - -

.

EI : f- Est ⇒

micp
>> _=[{ Eli]Ecp1↳É= Eli]t-Elia], iE¥%↳]
⇒ [{ to]=E=☐ , eei-et-o.c-li-c-eeieik.us ]
⇒[{ xtztxyz -1-0}/qf ] ⇒Milf)-={itxtz+xYz=o] .

if I Auscp
>
ik)

.

Elz] = [ Coop - ✗ Clap]= E-✗ it ]

[ls] = [v.⇒→ c-✗ it)] =[1-1×4=-4] #[
to] -10=1]

[la]=[C-X,D - Z (1-1×1-4)] =L-X-Z-XYZ : ltyz]



celldecomposition-i.ME/tugCp?k--AugPYp?↳wAugfYp?↳ w Aug Cp?↳
11 11 11 11

{i -1×+2--1×-12=-03 {x -1-91-1×4=0] {4--0,4×-11--0} {× -1-0,1-1×41=0 }a -1×+2--1×42=0 ltx-Z-xyz.IO I -1×+2--1×42=0
112 112

k k ¥5

⇒ IDZMB = ma 5--5'

II

-
- -

- - -
-
- -

- -


